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a b s t r a c t
In this paper, a kind of improved univariate multiquadric quasi-interpolation operators
is proposed by using Hermite interpolating polynomials. Error analysis shows that the
convergence rate of the operators depends heavily on the shape parameter c , which
indicates that our operators could provide the desired smoothness and precision by
choosing a suitable value of c. Numerical examples show that the operators provide a high
degree of accuracy. Moreover, operators are applied to the fitting of discrete solutions of
initial value problems.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The univariate multiquadric quasi-interpolation of a function f : [a, b] → R on the scattered points
a = x0 < x1 < · · · < xN = b (1)
has the following form
(Lf )(x) =
N∑
j=0
f (xj)ψj(x), x ∈ [a, b], (2)
where ψj(x) are linear combinations of the multiquadrics introduced by Hardy [1]
ϕj(x) = [(x− xj)2 + c2]1/2, c > 0. (3)
Buhmann [2] studied the accuracy of quasi-interpolation of a function f : R→ R on an infinite set of uniform points in R.
With an appropriate ψ(x), his method reproduces linear polynomials. Powell [3] considered the scattered points xj, j ∈ Z
that extend to both ends of the real line. He defined the following normalized second divided difference
ψj(x) = ϕj+1(x)− ϕj(x)2(xj+1 − xj) −
ϕj(x)− ϕj−1(x)
2(xj − xj−1) , x ∈ R (4)
of the multiquadrics ϕj(x), and proved that the associated quasi-interpolation
(Lf )(x) =
+∞∑
j=−∞
f (xj)ψj(x), x ∈ R (5)
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satisfies the identity (Lf )(x) = f (x)whenever f is a linear polynomial. Based on these results, Beatson& Powell [4] proposed
a quasi-interpolation operator LB which reproduces constants. Afterwards, Wu & Schaback [5] proposed another quasi-
interpolation operatorLD which is shape preserving and reproduces linear polynomials. They proved that when the shape
parameter c = O(h), where h is themaximumdistance between adjacent centers, the error of the operatorLD isO(h2| ln h|).
Recently, Ling [6] proposed amultilevel quasi-interpolation operator using the operatorLD, and proved that it converges
with a rate of O(h2.5| log h|) as c = O(h). Feng & Li [7] constructed a shape-preserving quasi-interpolation operator by
shifts of cubic multiquadrics. They showed that the operator satisfies the quadric polynomial reproduction property and
produces an error of O(h2) as c = O(h). Furthermore, many researchers provided some examples using multiquadric quasi-
interpolation to solve differential equations (cf. [8–12]).
The aim of our paper is to present multiquadric quasi-interpolation operators with a higher accuracy. Based on Farwig’s
idea [13] which was generalized by Coman & Trîmbiţaş [14], we propose a kind of improved quasi-interpolation operators
LH2m−1 by combining the operator LB with Hermite interpolating polynomials. We show that the new operators could
reproduce polynomials of higher degree, and give the convergence rate under a certain assumption. Our analysis indicates
that the convergence rate depends heavily on c. Thus, our operators could provide the desired smoothness and precision by
choosing a suitable value of c .
The remainder of this paper is organized as follows. In Section 2,wedefine the improvedmultiquadric quasi-interpolation
operatorsLH2m−1 , and obtain their convergence rate. In Section 3, we use two numerical examples to show thatLH2m−1 could
provide a higher degree of accuracy. In Section 4, we give an application to the fitting of discrete solutions of initial value
problems. In Section 5, we give the conclusions and future work.
2. The improved quasi-interpolation operators
In this section,we first define the improved quasi-interpolation operatorsLH2m−1 , thenwe give ourmain results including
the polynomial reproduction property and convergence rate.
The quasi-interpolation operatorLB is defined as follows
(LBf )(x) = f (x0)ψ0(x)+
N−1∑
i=1
f (xi)ψi(x)+ f (xN)ψN(x), x ∈ [a, b], (6)
where
ψ0(x) = 12 c
2
∫ x0
−∞
1
[(x− θ)2 + c2]3/2 dθ +
1
2
c2
∫ x1
x0
(x1 − θ)/(x1 − x0)
[(x− θ)2 + c2]3/2 dθ
= 1
2
+ ϕ1(x)− ϕ0(x)
2(x1 − x0) , (7)
ψN(x) = 12 c
2
∫ ∞
xN
1
[(x− θ)2 + c2]3/2 dθ +
1
2
c2
∫ xN
xN−1
(θ − xN−1)/(xN − xN−1)
[(x− θ)2 + c2]3/2 dθ
= 1
2
− ϕN(x)− ϕN−1(x)
2(xN − xN−1) , (8)
and
ψi(x) = 12 c
2
∫ xi+1
xi−1
Bi(θ)
[(x− θ)2 + c2]3/2 dθ
= ϕi+1(x)− ϕi(x)
2(xi+1 − xi) −
ϕi(x)− ϕi−1(x)
2(xi − xi−1) (9)
for i = 1, 2, . . . ,N − 1, where Bi(θ) is the piecewise linear hat function having the knots {xi−1, xi, xi+1}, and satisfying
Bi(xi) = 1. Based on the operatorLB, we define the improved quasi-interpolation operatorsLH2m−1 as follows(
LH2m−1 f
)
(x) =
N∑
i=0
ψi(x)H2m−1[f ; xi, xi+1](x), (10)
where H2m−1[f ; xi, xi+1](x) are Hermite interpolating polynomials of degree 2m− 1 which agree with the function f at the
points
xi, xi, . . . , xi︸ ︷︷ ︸
m
, xi+1, xi+1, . . . , xi+1︸ ︷︷ ︸
m
. (11)
The quasi-interpolants (LH2m−1 f )(x) are C
∞ functions on [a, b], and the operators LH2m−1 have the following polynomial
reproduction property.
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Theorem 1. The operatorsLH2m−1 reproduce all polynomials of degree 6 2m− 1.
Proof. It is well known that
H2m−1[f ; xi, xi+1](x) = f (x), ∀f ∈ P2m−1, (12)
where P2m−1 denotes the set of all polynomials of degree 6 2m− 1. Thus, we have
LH2m−1 f ≡ f , ∀f ∈ P2m−1, (13)
i.e.,LH2m−1 reproduce all polynomials of degree 6 2m− 1. 
In order to get the convergence rate of the operators, we introduce the following notations
Iρ(x) = [x− ρ, x+ ρ], ρ > 0,
h = inf{ρ > 0 : ∀x ∈ [a, b], Iρ(x) ∩ X 6= ∅},
M = max
x∈[a,b]
#(Ih(x) ∩ X),
where X = {x0, x1, . . . , xN} and #(·) denotes the cardinality function. It is easy to check that 2h = max{ |x1 − x0|, |x2 −
x1|, . . . , |xN − xN−1|}, and M is the maximum number of points of X contained in an interval Ih(x). We have the following
theorem.
Theorem 2. Assume that the shape parameter c satisfies
c 6 Dhl, (14)
where D is a positive constant, and l is a positive integer. If f ∈ C2m([a, b]), then
‖LH2m−1 f − f ‖∞ 6 KM‖f (2m)‖∞ εl,m(h), (15)
where ‖ · ‖∞ denotes the sup-norm on [a, b],
εl,m(h) =
{
h2m, if 2m < 2l− 1,
h2l−1, if 2m > 2l− 1, (16)
and K is a positive constant independent of x and X.
Proof. By (10), we have∣∣(LH2m−1 f ) (x)− f (x)∣∣ =
∣∣∣∣∣ N∑
i=0
ψi(x) (H2m−1[f ; xi, xi+1](x)− f (x))
∣∣∣∣∣
6
N∑
i=0
ψi(x)|H2m−1[f ; xi, xi+1](x)− f (x)|
6
‖f (2m)‖∞
(2m)! sl,m(x),
where
sl,m(x) =
N∑
i=0
ψi(x)|x− xi|m|x− xi+1|m.
Let
n =
[
b− a
2h
]
+ 1,
Qρ(u) = (u− ρ, u+ ρ], u ∈ [a, b], ρ > 0,
and
Tj = Qh(x− 2jh) ∪ Qh(x+ 2jh), j = 0, 1, . . . , n,
where [·] denotes the integer part of the argument. The set∪nj=−n Qh(x+ 2jh) is a covering of [a, b]with half open intervals.
Therefore, for each i ∈ {0, 1, . . . ,N} there exists a unique j ∈ {0, 1, . . . , n} such that xi ∈ Tj. When j > 2, the following
inequalities hold
(2j− 1)h 6 |x− xi| 6 (2j+ 1)h,
(2(j− 1)− 1)h 6 |x− ξi| 6 (2(j+ 1)+ 1)h, ∀ξi ∈ [xi−1, xi+1].
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It follows from the definition ofM that
1 6 #(X ∩ T0) 6 M,
1 6 #(X ∩ Tj) 6 2M, j = 1, 2, . . . , n.
When x0 ∈ Tj, j > 2, we have
ψ0(x) 6
1
2
c2
∫ x0
−∞
1
|x− θ |3 dθ +
1
2
c2
1
[(x− ξ0)2 + c2]3/2
∫ x1
x0
(x1 − θ)
(x1 − x0) dθ
6
1
4
c2|x− x0|−2 + 14 c
2(x1 − x0)|x− ξ0|−3
6
1
4
c2
[
(2j− 1)−2h−2 + 2(2j− 3)−3h−2]
6 c2h−2(2j− 3)−2,
where ξ0 ∈ [x0, x1]. Similarly, for xN ∈ Tj, j ≥ 2, we have
ψN(x) 6 c2h−2(2j− 3)−2.
When xi, i = 1, 2, . . . ,N − 1 belongs to some Tj, j > 2, we have
ψi(x) 6
1
2
c2
1
[(x− ξi)2 + c2]3/2
∫ xi+1
xi−1
Bi(θ) dθ
6
1
4
c2(xi+1 − xi−1)|x− ξi|−3
6 c2h−2(2j− 3)−2,
where ξi ∈ [xi−1, xi+1]. Therefore, we have
sl,m(x) 6
N∑
i=0
ψi(x)|x− xi|m|x− xi+1|m
6
∑
xi∈T0,T1
ψi(x)|x− xi|m|x− xi+1|m +
n∑
j=2
∑
xi∈Tj
ψi(x)|x− xi|m|x− xi+1|m
6
∑
xi∈T0,T1
|x− xi|m|x− xi+1|m +
n∑
j=2
∑
xi∈Tj
ψi(x)|x− xi|m|x− xi+1|m
6 4M(3h)m(5h)m + 2M
n∑
j=2
c2h−2(2j− 3)−2 ((2j+ 1)h)m ((2j+ 3)h)m
6 4M(15)m
(
h2m + D2h2l+2m−2
n∑
j=1
j2m−2
)
.
If 2m < 2l− 1, h2m + D2h2l+2m−2∑nj=1 j2m−2 = O(h2m).
If 2m > 2l− 1, h2m + D2h2l+2m−2∑nj=1 j2m−2 = O(h2l−1). 
Remark 1. For simplicity, we only use the two-point Hermite interpolating polynomials. However, the operators LH2m−1
are only particular cases of a more general family of operators which can be obtained by combiningLB with themulti-point
Hermite interpolation polynomials. In this case, the use of the Lagrange interpolation polynomials, as particular cases of the
general Hermite interpolation polynomials, can avoid the use of the derivatives.
Remark 2. From this theoremonemust use a smaller parameter c in order to achieve the desired convergence rate, resulting
in less smoothness of the approximating function. Thus, we could choose a suitable value of c according to smoothness and
precision.
3. Numerical examples
We consider the following functions on [0, 1]
Saddle f1 = 1.256+ 6(3x− 1)2 (17)
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Table 1
Numerical results for the function saddle.
LH2m−1 f1 LBf1
(l,m) εmean εmax l εmean εmax
(2, 1) 0.2654× 10−3 0.1200× 10−2
(2, 2) 0.6678× 10−5 0.4005× 10−4 2 0.2727× 10−3 0.1183× 10−2
(2, 3) 0.3400× 10−5 0.1280× 10−4
(3, 1) 0.2541× 10−3 0.1180× 10−2
(3, 2) 0.6435× 10−5 0.4160× 10−4 3 0.2550× 10−3 0.1156× 10−2
(3, 3) 0.1236× 10−6 0.1230× 10−5
(4, 1) 0.2540× 10−3 0.1180× 10−2
(4, 2) 0.6435× 10−5 0.4160× 10−4 4 0.2551× 10−3 0.1156× 10−2
(4, 3) 0.1185× 10−6 0.1230× 10−5
Table 2
Numerical results for the function sphere.
LH2m−1 f2 LBf2
(l,m) εmean εmax l εmean εmax
(2, 1) 0.3037× 10−3 0.5727× 10−3
(2, 2) 0.1590× 10−5 0.4065× 10−5 2 0.2998× 10−3 0.5387× 10−3
(2, 3) 0.9838× 10−6 0.2290× 10−5
(3, 1) 0.2848× 10−3 0.5653× 10−3
(3, 2) 0.5714× 10−6 0.3077× 10−5 3 0.2884× 10−3 0.5600× 10−3
(3, 3) 0.1581× 10−7 0.3135× 10−7
(4, 1) 0.2848× 10−3 0.5653× 10−3
(4, 2) 0.6017× 10−6 0.3107× 10−5 4 0.2853× 10−3 0.5600× 10−3
(4, 3) 0.1730× 10−7 0.6000× 10−7
Sphere f2 =
√
64− 81(x− 0.5)2
9
− 0.5. (18)
These functions were first proposed in [15] and result from adapting to the univariate case test functions generally used
in the multivariate interpolation of large sets of scattered data [16]. We apply the approximating operatorsLH2m−1 andLB
with c = (2h)l on each function fi, i = 1, 2.
The numerical results using uniformgrids of 21 points for the operatorsLH2m−1 andLB are given in Tables 1 and 2. In order
to estimate the error as accurate as possible, we calculate the approximating functions at the points i101 , i = 1, . . . , 100.
Tables 1 and 2 show the mean and max errors which are calculated for different values of the parameters l and m. The
numerical results show that the improved quasi-interpolation operators have good approximating behavior.
4. An application of the operators
After solving the following initial value problems{
y′(x) = f (x, y(x)), (x, y) ∈ [a, b] × R
y(x0) = y0, (19)
bymeans of a discretemethod,we often need to find the solution on a set of pointswhich differs from the grid, and the fitting
curve for numerical solutions. Here we solve the problems using our operators. Actually, combinations of discrete solvers
of ODEs with the improved multiquadric quasi-interpolation operators provide approximations of the exact solution of the
problem (17) on the whole interval [a, b]. To be more specific, the discrete solver produces an approximation y˜i of the exact
solution y(xi), the value y˜′i = f (xi, y˜i) approximates the value y′(xi), and the approximation of the second derivatives can
be computed by y˜′′i = fx(xi, y˜i) + fy(xi, y˜i) · y˜′i . Then the approximative values of the j-th derivatives can be computed in
similar way. Our quasi-interpolants are then obtained by substituting the exact values into the definition of the improved
quasi-interpolation operators with their respective approximations.
An algorithm is given as follows.
• We use an appropriate discrete solver of ODEs to produce an approximation y˜i of the exact solution y(xi) on the nodes
xi, i = 0, . . . ,N in [a, b].
• For j = 1, 2, . . . ,m−1,we calculate step by step the approximative values of the j-th derivatives y˜(j)i using y˜(1)i , . . . , y˜(j−1)i .
• Replace y(j)(xi), i = 0, . . . ,N in the quasi-interpolants (LH2m−1y)(x)with y˜(j)i to get the approximative functions.
We consider the following initial value problems{
y′(x) = xe−2x − 2y, (x, y) ∈ [0, 1] × R
y(0) = −1 (20)
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Table 3
Numerical results for initial problems.
Problem (5.2) Problem (5.3)
εmean εmax εmean εmax
y˜i 6.34× 10−7 1.94× 10−6 2.09× 10−6 1.23× 10−5
LH2m−1y, (l,m) = (4, 2) 2.30× 10−7 6.18× 10−7 7.00× 10−7 2.43× 10−6
LH2m−1y, (l,m) = (4, 3) 8.05× 10−8 5.72× 10−7 3.84× 10−7 4.02× 10−6
and {
y′(x) = sin(2x)− y tan(x), (x, y) ∈ [0, 1] × R
y(0) = −2. (21)
They have the exact solutions y(x) = (x−1)e−x and y(x) = −2 cos2 x respectively.We use the Runge–Kuttamethod of order
4 to get the y˜i on a uniform grid of 21 nodes in [0, 1]. The mean and max global errors are shown in Table 3. We calculate
the approximative functions at the points i101 , i = 1, . . . , 100, and show the errors in Table 3. We note that our method
has smaller errors than the Runge–Kutta method of order 4 in these two problems.
5. Conclusions
In this paper, a kind of improved multiquadric quasi-interpolation operators is proposed. The operators reproduce
polynomials of higher degree. Under a certain assumption, a result on the convergence rate of the operators is given. The
numerical examples show that our operators provide a high degree of accuracy. Moreover, the operators are applied to
the fitting of discrete solutions of initial value problems, and much better errors are obtained. In our opinion this kind of
approximation is desirable, in particular when the exact solution is analytic.
In our future work, we plan to use the operators to solve partial differential equations. Take Burgers’ equation as an
example. We could obtain numerical schemes, by using the derivative of the quasi-interpolants to approximate the spatial
derivative and a low order forward difference to approximate the temporal derivative. Our operators may also be used for
solving other PDEs.
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